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$\mathrm{Z}_{P}$ (square-free) monic $U(x)$ , $n=\deg(U),$ ,,




(1) $Q-I$ . , $n\cross n$ . , $Q-I$
:
(a) rank$(Q-I)=n-\Gamma$ , $r$ .
(b) $Qv_{j}arrow=v_{j}arrow$ $v_{j}\sim=(v_{j\mathrm{O}}, v_{j1}, \ldots, v_{jn-1})^{T}$ , $V_{j}(x)= \sum_{=0}^{n-1}.\cdot v_{ji}x^{i}$
. , $V_{j}(x)$ :
$V_{j}(x)^{p}\equiv V_{j}(x)$ mod $U(x)$ .
(2) $r$ , $V_{i}(x)$ , $\alpha=0,1,$ $\ldots,p-1$ $V_{J}(x)-\alpha$ $U(x)$
GCD .
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$\blacksquare$ Zassenhaus – $\mathrm{a}$ [17]
Berlekamp , , GCD $\alpha$
, $p\gg 1$ , , GCD
( ) . , $v(x)=V_{j}(x)$ ,. $v(x)^{k}$ mod $U(x),$ $k=0,1,$ $\ldots,$ $r$ ,. $w(v(x))\equiv 0$ mod $U(x)$ $w(X)$ $w(X)$ ,. $w(X)=0$ $\alpha\in \mathrm{Z}_{\mathrm{P}}$ GCD non-trivial .
(1) f $=(w\mathit{0}, w_{1}, \ldots)^{T}$ , $w(X)= \sum_{k}w_{k}X^{k}$ .
(a) $v(x)^{k}$ mod $U(x)$ $k$ ,
(b) $k$ $0\sim(k-1)$ .
(c) .
(2) $w(X)$ $(\in \mathrm{Z}_{P})$ .
2 .
$v_{j}arrow$ .
Berlekamp , $P$ , $V_{j}(x)$ $i$ a
, $r$ $P$ .
$U(x)$ $u(x)$ , $(x)$ GCD
. $V_{j}(x)$ mod $u(x)\in \mathrm{Z}_{P}$ .
(Distinct Degree Factorization: DDF)
$H_{k}(x)$ , $U(x)$ $k$ . $H_{k}(x)$ , $U^{(1)}(x)=$
$U(x)$ , $k=1,2,$ $\ldots$ ( ) $U^{(k+1)}(x)=1$
.
$H_{k}(x)$ $\Leftarrow$ $\mathrm{g}\mathrm{c}\mathrm{d}(x^{p^{k}}-x, U^{(k)}(x))$ ,
$U^{\langle k+1)}(x)$ $\Leftarrow$ $U^{(k)}(x)/H_{k}(x)$ .
$d_{k}=\deg(H_{k})$ , $H_{k}(x)$ $d_{k}/k$ .




$\blacksquare$ DDF $+\mathrm{C}\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{o}\mathrm{r}$ &Zassenhaus [4] –
$A(x)\in \mathrm{Z}_{p}[x|$ , .
$A(x^{p^{k}})-A(x)\equiv A(x)^{p^{k}}-A(x)\equiv A(x)(C-1)(C+1)\equiv 0$ mod $H_{k}(x)$ ,
, $C=A(x)^{(p^{k}-1)/2}$ mod $H_{k}(x)$ . , $A(x)$ random , $H_{k}(x)$
$C-1$ GCD .
$\blacksquare$ DDF $+\mathrm{B}\mathrm{e}\mathrm{n}\mathrm{O}\mathrm{r}$ [1] –
$\mathrm{M}\mathrm{c}\mathrm{E}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{c}\mathrm{e}$ operator $T_{k}$ , $H_{k}(x)$ , [9]:
$T_{k}(y)=y^{p^{0}}+y^{p^{1}}+\cdots+f^{k-1}$
$T_{k}(y)^{p}-T_{k}(y)=y^{p^{k}}-y$ , $A\in \mathrm{Z}_{\mathrm{p}}[x]$ .
$T_{k}(A)^{p}-T_{k}(A)$ $\equiv$ $0$ mod $H_{k}(x)$
$=$ $T_{k}(A)(T_{k}(A)^{(p-1)/2}-1)(T_{k}(A)^{(p-1)/2}+1)(= \prod_{\alpha=0}^{\mathrm{p}-1}(T_{k}(A)-\alpha))$ .
, $H_{k}(x)$ , :
(1) $A\in \mathrm{Z}_{p}[x]$ random , $T_{k}(A)$ .
(2) $\alpha\in \mathrm{Z}_{P}$ random , $B=(T_{k}(A)+\alpha)^{(p-1)/2}\pm 1$ .
(3) $B$ $U(x)$ GCD .
(4) $\alpha$ , (2) (3) .
, $A$ $H_{k}(x)$ , $p\gg d_{k}/k$
, .
$\blacksquare$ DDF $+\mathrm{S}\mathrm{h}\mathrm{o}\mathrm{u}\mathrm{p}$ [14]
(1) $g_{i}(x)$ , $(Y-x^{p^{0}})(Y-x^{p^{1}})\cdots(Y-x^{p^{k-1}})$ $Y^{i}$ :
$(Y-x^{p^{0}})(Y-x^{p^{1}})\cdots(Y-x^{p^{k-1}})=Y^{k}+g_{k-1}(x)Y^{k}$.-. $+\cdots+g_{0}(x)$ .
(2) $\alpha\in \mathrm{Z}_{P}$ $g.(x),$ $i=0,1,$ $\ldots,$ $k-1$ , $H_{k}(x)$ , $g_{i}(x)+\alpha$
$(g|(x)+\alpha)^{\langle p-1)/2}-1$ GCD , .









, 1 [15] .
$Q$
1 2 , .
$O(n^{2}p)\cdots x^{k}$ mod $U(x)$ , shift-add , $k=1,2,$ $\ldots$ , $(n-1)p$ .
$O(n^{3}+n_{!}^{2}\log p)\cdots F$ $U(x)$ $H_{k}(x)$ , $n=\deg(F),$ $i=n,$ $n+1,$ $\ldots,$ $2n-2$
$x^{j}$ mod $F= \sum_{=0}^{n-1}.\cdot R_{ji^{X}}$ $(R_{j}.)$ , 2 .
$p\gg 1$ , $\{R_{\mathrm{J}}.\}$ . ,
. , $p<n$ ,
.
DDF DDF , $(\mathrm{m}\mathrm{o}\mathrm{d} F)$ .. $A(x)\in \mathrm{Z}_{P}[x]$ , $A(x)^{p}\equiv A(x^{p})$ mod $p$ , $A(x)=$
$\sum_{i=0}^{n-1}A:x^{i}$
$P$ $A(x)^{p}$ , $Q$ , $Q(A\mathit{0}, A_{1}, \ldots, A_{n-1})^{T}$
. , $A(x)^{p^{k+1}}$ $A(x)^{p^{k+1}}\equiv A(x^{p^{k}})^{p}$ , $Q$ .. Cantor &Zassenhaus $\text{ }$ $A(x)^{(p^{k}-1)/2}$ , $p^{k}-1=(1+p+p^{2}+$
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. . . $+p^{k-1}$ ) $(p-1)$ , $Q$ .
$A(x)^{\langle p^{k}-1)/2}=$ . $(_{J} \prod_{=0}^{k-1}A(x^{p^{j}}))^{(p-1)/2}$
, DDF $Q$ - , $H_{k}(x)$ Q(
$Q^{(k)}$ , $P$ , DDF , $U(x)$ $Q$ ( $H_{k}$
) .
$L(x)\in \mathrm{Z}_{P}[x]$ $d$ $L(x)$ . , .
(a) $x=0,1,$ $\ldots,$ $p-1$ \Rightarrow $O(dp)$ , $\langle$ , .
(b) $\mathrm{g}\mathrm{c}\mathrm{d}(L(x), (x-\alpha)^{\{p-1)/2}\pm 1)$ \Rightarrow , 1 , $O(d^{3}+d^{3}\log p)$ .
, $x^{k}$ mod $L(x)$ ( $d^{2}$ ) .
. . . $n$ 2 .
Berlekamp : $2n^{2}$
Zassenhaus : $5/2n^{2}\sim 3n^{2}|$ DDF $Q$ $+n^{2}$




, , . ,
, .. $P$ – , $\mathrm{Z}_{P}$ , $[11|$ .. - , ( ) . .. $Q$ , , .. $n$ , , .. , $n$ . , $n$ – GCD
, GCD
, ,
. , GCD , .. ( ) , $\alpha$ ( ) .
15.5
, 15.2 (Shoup :2 )
FORTRAN 77 , ( ) $-$ HITAC S-3800 : HI-
OSF/I-MJ (@ ) . ,
, 2000 , 500 .
S-3800 , $8\mathrm{G}\mathrm{f}\mathrm{l}\mathrm{o}\mathrm{p}/\mathrm{s}$ ,
SparcStation 2 .. , Berlekamp, Zassenhaus DDF $\mathrm{Z}\mathrm{a}s\mathrm{s}\mathrm{e}\iota\iota \mathrm{h}\mathrm{a}\mathrm{u}\mathrm{s}(Q^{(k)}$
$Q$ ), Cantor&Zassenhaus, Ben-Or ( $Q^{(k)}$ ) .. Berlekamp Zassenhaus , Q- $x^{p}$ mod $U(x)$





. , . ,
, .
(1) [15] :
( 2) $f_{1}(x)$ $=$ $x^{8}+x^{6}+10x^{4}+10x^{3}+8x^{2}+2x+8$
$(\text{ }3)f_{2}(x)$ $=$ $x^{18}+9x^{17}+45x^{16}+126x^{15}+180x^{14}+27x^{13}-540x^{12}-1215x^{11}$
$+1377x^{10}+15444x^{9}+46899x^{8}+90153x^{7}+133893x^{6}+125388x^{5}$
$+29160x^{4}-32076x^{3}+26244x^{2}-8748x+2916$
(2) $(n=100)\cdots p=43$ , 1979, 227951 , random $\mathrm{Z}_{P}$
100 \leftrightarrow L. $v=43$ : . 1. 2. 3. 4. 5. 7. 9. 10 5. $7_{-}$ $2$ . 10- $2_{-}1_{-}1$ . $\rceil$ .
. $\mathrm{D}=1979$ : . 1. 2. 3. 4. 6. 8. $\mathrm{g}$ 6. 13. 3. $3_{-}2.1$ . $.’$; .
. $\mathrm{D}=$ 227951 : . 1. 2. 3- 5. 6. 8. 10 5. 8. 3. 4. 2. 1, 3 .
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3 $f_{2}(x)$ ( )
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$\blacksquare$
, .. , $Q$ DDF
, $Q$ , $n=100$ ,
10 .. , , GCD
.. , Cantor&Zassenhaus ,
– , Ben-Or . , [15] ,
Ben-Or .. , Zassenhaus .
, Berlekamp , ,
.
$\circ$ $Q$ DDF ( ) , $n$ , DDF





. 1 , (
SPU ) . , (
DDF ), 3
. Zassenhaus , ,
, , , $n^{3}$ $n^{2}$
. , $(=n)$ $Q$
, ( SPU .
VPU SPU ) , 2 . ,
- , ,
$n$ 1 . ,
, VPU $n^{3}$ $n^{2}$ ,
$n^{2}$








$\mathrm{d}\cup \mathrm{d}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{e}$ $(n)\perp \mathrm{U}\mathrm{U}$
$\angle,\mathrm{U}\mathrm{U}$ $o\cup\cup$








2 $Q$ : $\mathrm{v}\mathrm{s}$ .
, . ,
. , [81 ( , $n=$ 1025, 2049, 4097):
$(x\mathrm{r}n/2\rceil+x+1)(x^{\lfloor \mathfrak{n}/2\rfloor}+x+1)$ mod $p$ .
4 , Zassenhaus . , $n^{3}$
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4 Zassenhaus ( )
, ( ) .




, GCD (Zassenhaus , $w(X)=0$ .
, ) . , ,
, $P$ . ,
. , ,
, $p-1$ $G$ , - $[10][4|$ .
$v(x)(v(x)^{(p-1)/2}-1)(v(x)^{(p-1)/2}+1)\equiv 0$ mod $U(x)$ $H_{k}(x)$ ,
, , Distinct Order Factorization
. $G$ $p-1$ , $\xi$ 1 $(p-1)$ .
$x^{p}-X \equiv\prod_{k=0}^{G-1}(x^{(p-1)/G}-\xi^{k(p-1)/G})$ mod $p$ .
. , [12] [18] .
$k=0,1,$ $\ldots,$ $G-1$ ,
: non-trivial $g=\mathrm{g}\mathrm{c}\mathrm{d}(w(x), x^{(p-1)/G}-\xi^{k(\mathrm{p}-1)/G})$ $g$
, , $x^{\langle p-1\rangle/G}$ $g$ .




, , $\gg 1$ ,
. ( )
, . , (1) , (2)
, (3) , .
, $\mathrm{Z}$ .
, Hensel , ,
, $\mathrm{Z}_{\mathrm{p}}$ trial division
. , ,
$L^{3}$ . , , Kronecker
. ,
, ( $\mathrm{R}\mathrm{i}\mathrm{s}\mathrm{a}/\mathrm{A}\mathrm{s}\mathrm{i}\mathrm{r}$ ) ,
, .
, . 152
, (1) , (2) separating $(v)arrow$ , (3) 3
. ,
, Zassenhaus .
, $(n\gg 1)$ , , (Wiedemann )
[5] , . ,
(1) (2) , , (
) , break-down , DDF –
$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}$ decomposition [16] . .
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